Abstract. BACKGROUND: Soft tissue modeling plays an important role in the development of surgical training simulators as well as in robot-assisted minimally invasive surgeries. It has been known that while the traditional Finite Element Method (FEM) promises the accurate modeling of soft tissue deformation, it still suffers from a slow computational process. OBJECTIVE: This paper presents a Kalman filter finite element method to model soft tissue deformation in real time without sacrificing the traditional FEM accuracy. METHODS: The proposed method employs the FEM equilibrium equation and formulates it as a filtering process to estimate soft tissue behavior using real-time measurement data. The model is temporally discretized using the Newmark method and further formulated as the system state equation.
Introduction
A large number of research efforts has been dedicated to the modeling of soft tissue deformation which has been a challenging task to meet the requirements of both the physical realism and the real-time computational performance [1, 2] . Among the current methods for modeling of soft tissue deformation, the Finite Element Method (FEM) focuses on continuum mechanics for accurate deformation modeling in which the mechanical behaviors of soft tissues are accurately characterized by continuum constitutive equations [3] . However, these methods suffer from an expensive computational load [4, 5] .
A variety of strategies has been employed to improve the computational performance of FEM. The matrix condensation technique reduces the computational time by limiting the full computation of volume elements to the surface nodes [6] . However, this simplification significantly reduces the simulation accuracy. The pre-computation method uses pre-computed equilibrium solutions to reduce the computational time [7] . However, this method does not allow topographical changes in the body domain, and its pre-computation process is also time-consuming. The explicit FEM reduces the computational load by eliminating the iterative solution of large systems [8] . However, the stability of the solution is strictly dependent on the size of studied time steps. The GPU (Graphics Processing Unit) acceleration is a technique to use GPU to facilitate the computational performance of FEM [9] . However, this method relies on hardware, and it does not solve the computational problem fundamentally. In general, with most of the existing methods, the enhanced computational performance of FEM is achieved by sacrificing the accuracy of FEM modeling.
Kalman filter is a commonly used method for real-time estimation of system state parameters. Kato et al. employed the Kalman filter to estimate the ground motion [10] . Zeng et al. combined the extended Kalman filter with an optimization algorithm to estimate the state parameters of lateral flow immunoassay [11] . The major difficulty in using the Kalman filter lies in the construction of the system state equation to describe the dynamics of soft tissue deformation.
This paper presents a new method for real-time simulation of soft tissue deformation. Rather than direct calculation of soft tissue deformation from FEM, which causes a slow computational process, this method formulates the deformation of soft tissues as a filtering identification process. The computational domain is temporally discretized be the Newmark method and further transformed into a state space representation. Finally, a Kalman filter is developed to eliminate system and measurement noises to estimate the dynamic behaviors of soft tissues in real time based on measurement data. Simulations and analysis have been conducted to verify the performance of the proposed method.
Methodology

State and measurement equations
Consider the following linear discrete-time dynamic system with the state vector x k given a set of measurement y k at time point k,
(1)
where z is the system input, F , H, and G are the state transition, measurement, and input matrices respectively, and v is the measurement zero-mean white Gaussian noise with known diagonal covariance R. The Kalman filter is described as a linear recursive least-square estimator,
where K k is the Kalman gain andx k is the estimation of state x k to minimize the sum of squares between the previous estimation Hx k−1 and current measurement y k . The item y k − Hx k−1 is called the innovation term.
Finite element formulation
Soft tissues are highly complex in terms of material composition. For the modeling purpose, it is very important to choose appropriate material law and parameters that describe mechanical properties of soft tissues. While soft tissue structure shows time-dependent, nonlinear and anisotropic behaviors, in terms of small deformation within a short-term period, soft tissues can be investigated by linear isotropic models to high precision.
The basic equations of an elastic material are strains, stresses and equilibrium relations [12] . In case of small deformations, the six independent components of the strain matrix, i.e. ε ij are computed from displacements in the form of
where u is the displacement and u i,j ≡ ∂u i /∂x j with respect to a coordinate component x j . For elastic materials, the Hooke's law linear stress-strain relationship can be represented as
where σ is the stress and D ijkl is the elastic moduli for an isotropic elastic material. Using only the six independent components of the symmetric stress, the linear momentum or equilibrium equation can be written as
where b is the vector of body forces, ρ is the mass density per unit volume andü is the acceleration vector.
It is assumed that the domain of analysis is divided into a set of elements and nodes over the entire body domain Ω. In consideration of the Rayleigh damping coefficient C = α 0 M + α 1 K and by evaluating the weak form of equilibrium equations for an individual linear elastic element and thereafter assembling of all elements, the equilibrium equation can be written as
where M = e M e ab is the mass matrix,
ab is the stiffness matrix, f = e f e a is the external force, andu is the velocity vector. In discrete-time finite element methods, the transient solution for the studied time duration is described with a set of discrete time points t k and approximations to the solution are determined at these points. One of the commonly used methods is the Newmark constant acceleration method [12] , which is a onestep procedure to describe how a known solution at time t k−1 is determined at time t k . Since the three discrete quantities a k , v k , and u k that are the acceleration, the velocity, and the displacement vectors, respectively, are involved in Eq. (7), it requires three independent time equations to obtain a solution at each discrete time point. One is the equilibrium equation, and the other two are the Newmark formulas, Eqs (8) and (9) . These are written as
where ∆t = t k − t k−1 and the equilibrium equation must be satisfied at each time point t k . Equation (10) is commonly solved by numerical algorithms, such as refined Gaussian elimination and Gauss-Seidel iterative schemes. The numerical solution is computationally expensive due to the iterative process. Therefore, numerical algorithms are not suitable to solve the above equations for the real-time requirement of soft tissue deformation. Further, numerical algorithms may also develop oscillations unless certain precautions are taken. In comparison with numerical algorithms, the Kalman filter uses a straightforward formulation for state space solution rather than an iterative process, leading to enhanced computational speed. Moreover, this recursive filtering method uses only the last time step estimation to compare with real-time measurements and optimize the next step estimation. By considering Eq. (10) as the system equation of the Kalman filter and solving it based on a set of measurements, it will result in a computationally fast and accurate solution.
KF-FEM algorithm
To solve Eq. (10) we can select any one of the discrete-time quantities a k , v k and u k as the main timedependent variable and solve for the other two from the Newmark formulas. Without loss of generality, let us consider u k as the primary variable and calculate velocity and acceleration using the Newmark formulas. By substituting velocity and acceleration vectors into the equilibrium Eq. (10) and reordering the equation into the form of Kalman state equation, we will have
where
Note that input vector at each time point t k will be a function of velocity and acceleration calculated from previous time point t k−1 , and a known external force at the current time. Figure 1 illustrates the block diagram of the proposed algorithm.
Performance evaluation and discussion
Simulations were conducted on a cubic model to evaluate performance of the proposed method. The Table 1 . It is considered that nodes on the bottom surface are fixed, and all nodes on the top surface are under a constant uniform axial tensile force selected within the interaction force range of soft tissues [13, 14] . The tissue density, Poisson's ratio, and Young's modulus are derived from the experimental tests on the porcine liver [15, 16] . Figure 2 shows the sample domain, from which the measurement matrix for displacement of the observation point was obtained.
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Material, damping, and stiffness matrices are formed for the body domain. Then the finite element direct solver Gauss Elimination is employed to observe the behavior of the model under the described boundary conditions. In practice, measurements involve noise. Accordingly, we added random white Gaussian noise to the displacement values obtained from the traditional FEM modeling. Figure 3 shows the noisy measurement, which is the displacement of the observation point specified in Fig. 2 . Artificial noise was added to the displacement obtained from the FEM rather than using real experimental noisy displacements in order to compare estimates of the proposed KF-FEM with known reference values, i.e. the displacement from the traditional FEM without noise. Two points out of the fixed points were selected to evaluate the estimation. One is the observation point (evaluation point 1), and the other is a random point (evaluation point 2). The random point was located 2 mm underneath the surface. System and measurement equations were initialized and measurement noise covariance was considered to have the intensity of 0.001. The proposed algorithm was implemented in MATLAB R2014b on a PC with Intel R Core TM i7-2600 CPU @ 3.40 GHz, RAM 8.00 GB and 64-bit Windows 7. Two kinds of simulations were conducted under the same conditions for the cubic model. The first simulation was conducted to observe the deformation behaviors from the traditional FEM, and the second simulation was conducted to observe the deformation behaviors of the proposed KF-FEM. Subsequently, the results from the two simulations were compared in terms of accuracy and computational efficiency. Figures 4 and 5 compare the results of both traditional FEM and KF-FEM at different evaluation points.
Although the measurement was collected from one node (i.e. the observation point), the system was still able to estimate the deformation behaviors of all other nodes. This is because material matrices M, C and K were obtained from a finite element model, and the Kalman state vector was the displacement vector of all nodes in three coordinate directions. Further, the proposed method not only uses measurements to optimize the state estimates in the time domain, but it also conducts estimations in the spatial domain. Figure 4 illustrates that the proposed method completely filters the measurement noise at the observation point and its estimation is in good agreement with the FEM response. The Kalman filter is a recursive optimal estimation method that only uses the Kalman gain obtained from the last time point for posterior estimation. This leads to estimations being more reliable after several time points based on the precision of the primary knowledge of the system and measurement noises. In Fig. 4 , the uncertainty of the estimations can be seen in the first 25 steps from the total 500, i.e. in the first 0.05 seconds of deformation. The resultant NRMSE (normalized root-mean-square error) at the observation point between the traditional FEM and proposed KF-FEM is 0.0116. Furthermore, Fig. 5 shows that the KF-FEM estimates accurately follow the traditional FEM response at any other point except for the observation point with noisy measurements. To compare the computational performance of both methods, we computed the whole simulation time divided by the number of time steps. The computational time of each time step was 0.1735 s for traditional FEM, while it was only 0.0158 s for the proposed KF-FEM. In other words, the computational time of the KF-FEM is approximately 10 times faster than traditional FEM. This is because the proposed method uses a statistical estimation process to estimate soft tissue deformation. In contrast, traditional FEM uses a numerical process, which requires the calculation of the inversion of material matrices at each time step, leading to an expensive computational load for soft tissue deformation. The computed calculation frequency of about 63 Hz from the proposed KF-FEM confirms the real-time performance of the described methodology.
Conclusion
This paper presents a new method for real-time prediction and analysis of soft tissue deformation. It conducts soft tissue deformation with a filtering process to estimate mechanical behaviors of soft tissue in real time based on measurement data. Simulation results demonstrate that the proposed method is as accurate as the traditional finite element method in terms of soft tissue deformation, but with the capability to achieve real-time computational performance. It can also eliminate unavoidable noises involved in system state and measurement.
The proposed method considers the linear elastic behavior of the tissue and it can deal with only small deformations of soft tissues. It is expected that in the future a nonlinear Kalman filter will be developed to deal with the nonlinear behaviors of soft tissues. Also, modifications to the filtering algorithm are in progress for simultaneous estimation of the system input that is the unknown deformation of the computational domain, and the state vector, i.e. the applied external force given real-time measurement from a haptic device.
